This paper addresses the rigid body attitude tracking control on the manifold SO(3) . This modeling scheme can avoid the singularity and ambiguity associated with local parameterization representations such as Euler angles and quaternion. A robust and almost global asymptotic stability control system is designed considering the parameters uncertainty and external interference. Based on the coordinate-free geodesic attitude error scalar function with its deduced attitude and velocity error vectors, a geometric asymptotic convergent slidingmode surface is designed firstly. Then, a geometric sliding-mode controller is introduced to enhance the robustness of the system for the low-amplitude fast-time-varying disturbances. Moreover, in order to attenuate the effect of the parameters uncertainty and slow-time-varying disturbance, two adaptive functions are employed to obtain the feedforward compensation. Comparison studies and simulation results show that the proposed controller is more practical with a high accuracy, strong robustness, less chattering and simple structure.
INTRODUCTION
The movement of a rigid body in a three-dimensional space can be divided into the movement in translational space and the movement in rotational space. The rotation control is usually the basis of the translation control for most rigid bodies. For example, in astronautics, the control forces of the satellite or missile are mainly produced by the thrusters. In aeronautics, the control forces of the aircraft or quadrotor are mainly produced by their wings and propellers. They are all executed based on the maneuver of a rigid body's orientation and rotation. Therefore, the rigid-body attitude control has been studied and applied extensively in many areas recently, such as aerial vehicles, spacecraft vehicles, underwater vehicles, ground vehicles, and robotics (Islam et al., 2017; Forbes, 2014; Zlotnik and Forbes, 2014) .
The orientation of the rigid body in a threedimensional space can be uniquely described by a directional cosine matrix, which is the element of the Lie group SO(3) (three-dimensional special  , SO(3) and SE(3) , the magnitude of the attitude error vector designed in (Bullo and Murray, 1999; Bullo and Lewis, 2005) will decrease to zero at each isolated critical points. Therefore, the conventional design process of the asymptotically convergent sliding-mode surface, which will let the attitude error vector converge to zero, are infeasible. Moreover, the time derivative of the attitude error vector is not equal to and even not positively related to the velocity error vector. The relationship between these two error vectors is often ambiguous which is determined by the choice of the attitude error scalar function. For SO(3) , the time derivative of the attitude error vector can be expressed as a three-dimensional intermediate variable matrix
multiples the velocity error vector (Lee, 2012) . However, the eigenvalues of the matrix E may be indefinite, which are also determined by the choice of the error scalar function. All those properties above lead to the failure of the methods used in Euclid space. Therefore, The ARSMC has never been applied to the attitude control of a rigid body modeled on SO(3).
Following the geometric control approaches of the prior arts, a geometric adaptive robust sliding-mode controller (GARSMC) on SO(3) is designed in this paper. The geometric asymptotically convergent sliding-mode surface is designed firstly, where the geometric properties of the error scalar function proposed in (Lee, 2012) and its deduced attitude and velocity error vectors are applied. Moreover, an exponential reaching law is adopted to stabilize the closed-loop system. In order to facilitate the controller design, the unknown external disturbance torque in the body-fixed frame is divided into the high-amplitude slow-time-varying part and the lowamplitude fast-time-varying part. Then, the adaptive functions for the uncertain inertial matrix and the unknown high-amplitude slow-time-varying disturbances are designed, respectively. Moreover, the low-amplitude high-frequency disturbances, which can not be estimated rapidly by the adaption function, can be dealt with by the geometric slidingmode control (GSMC) part with small switching term amplitudes which can also suppress the undesired chattering.
Compared with the prior ARC in (Fernando et al., 2011; Sanyal et al., 2009) , the proposed adaptive controller part has a simpler structure with less computation costs. Compared with the prior SMC in (Liu et al., 2016) , the proposed controller also has a simpler sliding-mode surface and less chattering. Besides, the proposed controller can be used to handle a more general class of unconstructed and nonharmonic uncertainties than the prior works (Fernando et al., 2011; Lee, 2012; Liu et al., 2016; Sanyal et al., 2009 ). Numerical simulations results shows that the proposed controller has a strong antiinterference ability compared with the PD-based controller (Lee, 2012) and ARC, and less chattering phenomenon compared with SMC. The topology structure of compact manifold precludes the existence of a smooth global asymptotic stabilization control (Bhat and Bernstein, 2000) . However, using Lyapunov stability theory, the almost global asymptotic stability can be proved for the proposed controller. The convergent region of the unique stable point covers SO(3) but only excludes a set of zero measure critical points. Simulation results illustrate the effectiveness of the proposed controller.
The paper is organized as follows. The attitude dynamic model of a rigid body is developed in section 2. The attitude error scalar function and its deduced attitude error dynamics are analyzed in section 3. The proposed geometric adaptive robust sliding-mode controller is designed in section 4. The numerical simulation follows in section 5. Section 6 summarizes the results and conclusions of this paper.
MODELING
The kinematics and dynamics of a rigid body's rotation movement in a three-dimensional Euclidean space are considered in this section. The earth-fixed coordinate is defined as the inertial reference frame, and the body-fixed frame is defined attached to the rigid-body's mass center. The rigid-body attitude kinematics and dynamics equations can be described as (Bullo and Murray, 1995) 
where so (3) 
ERROR DYNAMICS
The twice differentiable desired attitude trajectory is denoted by
What we need to do is designing a control law
considering the existence of the parameters uncertainties and external disturbance. The kinematics equation of the desired trajectory can be written as
where
 is the desired angular velocity with respect to the body-fixed frame.
Assumptions
The following conditions are assumed. 
3. The desired attitude trajectory is smooth and bounded.
Attitude Error Dynamics
The topological structures and geometric properties of nonlinear differentiable manifolds are quite different from those of the classical mechanics in Euclidean space (Boothby, 2003; Bhat and Bernstein, 2000) . Before the controller is designed, the geometric attitude tracking error and its compatible zero element should be defined firstly. The geometric tracking error between
The zero element of e R is the three-dimensional identity matrix (Bullo and Murray, 1999; Maithripala and Berg, 2015) .
For a given attitude tracking command   
It can be proved from (Lee, 2012 )that the following properties are satisfied for any d R and
iii.
The error scalar function  is symmetric
The attitude error scalar function  gets its unique global minimum 0
It provides a measurement for the magnitude of the tracking error between the two attitudes R and d R to some extent. Except for d  R R , the attitude error scalar function  has some other critical points, which are determined by the topology of SO (3) and corresponds to the global maximum point of function  . These isolated critical points are also the local equilibrium points of the closed loop system. Therefore, it is impossible to find a globally stable continuous feedback controller on SO(3) and only the almost global stability can be achieved for the closed-loop system (Bhat and Bernstein, 2000) .
Using the properties in (5), the time derivative of e R can be deduced as (Lee, 2012) 
Furthermore, the time derivative of the error scalar function  can be obtained as
According to the geometric description of the attitude and velocity error vectors proposed in (Bullo and Murray, 1999) and the properties of the Lie group SO(3) in (Maithripala and Berg, 2015) , an attitude error vector R e can be defined as the partial differential of  with respect to R , which are expressed as
where R e is the gradient of the error scalar function  at its current attitude point R . To make the denominator in (13) non-zero, the attitude error vector R e must be defined in the sublevel set
Furthermore, according to the geometric description in (Maithripala and Berg, 2015) and using the left-invariant properties of Lie group, the velocity error vector  e can be defined as
Then, the time derivative of the error scalar function  can be rewritten as the equation in (15), Geometric Adaptive Robust Sliding-mode Control on SO(3) which is similar to the properties and relationships between the location and velocity error vectors used in three-dimensional Euclid space. (Bullo and Murray, 1999; Maithripala and Berg, 2015) .
Furthermore, the attitude error dynamics are obtained as
It can be seen that E is a variable matrix related to e R . In order to analysis the algebra properties of E , we use the Rodrigues formula here as follows (Lee, 2012) 
where the variable  is given by
With (20), the eigenvalues of matrix Q can be calculated as 1, cos sin , 1, 2, 3
Let e  Q R and substituting (20) and (23) into the formula of matrix E in (18), we can also get that the eigenvalues of matrix E are (Liu et al., 2016) 1 1 cos , cos sin 2 2 2 2 2
Furthermore, the determinant value of the matrix E , are
, it can be concluded that matrix E is a positive definite and nonsingular matrix.
CONTROLLER DESIGN
This section mainly introduces a geometric adaptive robust sliding-mode attitude tracking controller on SO(3) . The control architecture is shown in Fig 1. 
Model compensation for perfect tracking
Adaptive rate with projection mapping
The rigid body The controller mainly consists of two parts. The feedforward model compensation part which contains the adaption functions for the unknown parameters or slow-time-varying disturbance, and the variable structure feedback part. Both of them are designed based on the geometric sliding-mode surface s . Therefore, we need to design a geometric asymptotically convergent sliding-mode surface firstly.
The Design of the Geometric
Sliding-mode Surface Integrating it, we can get that
Since matrix E is positive definite. After the system reach on the sliding-mode surface  s 0 , the attitude tracking error R e will converge to its unique stable equilibrium 0  R e exponentially.
Attitude Tracking Control
With the control architecture shown in Fig 1, 
Adaptive Law Design with Projection Mapping and Rate Limits
In the feedforward compensation part a u , the diagonal matrix Ĵ represents the estimated value of the rigid body's inertial matrix. 0 d represents the estimated value of the slow-time-varying disturbance. The update laws of those two parameters are designed as 
where  is the adaptive law proposed in (32) and (33). According to (Yao and Tomizuka, 1996) , the following properties for the function in (38) The adaptive rate is uniformly bounded by ,
Stability Analysis
The 
where (32) and (33), respectively. Compared with the dynamic characteristics of system, the time derivative of the slow-time-varying disturbance is small and close to zero. Then, differentiating the Lyapunov function gets that
where the linear product "  " for the vectors and the square matrixes are defined as (44), respectively. T  3 3  3 3   T  3 1  3 1 tr , , , ,
 
The time derivative of the sliding-mode surface s is obtained as
Substituting (35), (44), (45) into (43), with the control law in (29) we can get To make the denominator in (13) non-zero, the given condition
the sublevel set L . Therefore, (40) is proven. In order to prove (41), a new Lyapunov function is defined as
With the equations of (15) and (48), the time derivative of 2 V is formulated as 
can be always hold.
Then, (41) is proven.
The attraction region described by (40) and (41) However the convergences of  and R e will not be influenced.
SIMULATION
In this section, the comparative simulations are carried out for the designed GARSMC, ARC, SMC, and the augmented PD controller designed in (Lee, 2012) . A quadrotor UAV is used as an example. The initial attitude is fixed as 
Maximal adaptive law
In Fig 2, the responses of the proposed GARSMC are compared with those in ARC, SMC and geometric PD controller. It has been shown that the tracking errors  and R e of the geometric PD controller do not converge to zero with the influences of disturbances and parameter uncertainties. However, these characteristics are significantly improved by using the GARSMC. It also can be seen that the proposed GARSMC has higher control accuracy than ARC. SMC has the same accuracy as the GARSMC. However, Fig 3 shows that there exists a heavy chattering in SMC. Even though, the saturation function is used to eliminate the undesired chattering. Therefore, the proposed GARSMC can achieve a high accuracy with a strong robustness, and it can also eliminate the chattering phenomenon efficiently. Fig 4 shows the history of the estimate values of the fixed disturbances 0 d and the inertial matrix J under the GARSMC. It can be observed that the inertial matrix and fixed disturbance will not converge to their true value. However, it can be shown in Fig 2 that the system stability and control precision are not influenced. In order to illustrate the almost global convergence of the closed-loop system controlled by the GARSMC, the orientation maneuvers of spacecraft's body axes 2 b is depicted in Fig 6. The direction of rotation is marked with two red arrows. It can be seen that the closed-loop system controlled by the GARSMC can achieve the large-angle maneuver (greater than / 2  rad) without singularity and unwinding. 
CONCLUSIONS
This paper addresses the rigid-body attitude control modeled on the manifold SO(3) . This modeling scheme can avoid the singularities and ambiguities appearing in Euler angles and quaternion, respectively. The definitions and the algebra properties of the attitude error scalar function, attitude and velocity error vector on SO(3) are introduced firstly. Then, a geometric asymptotical convergent sliding mode surface is designed based on these properties. Furthermore, a geometric adaptive robust slidingmode attitude tracking controller system is developed to track the desired attitude command, considering the external interferences and model uncertainty. The values of the unknown inertial matrix and slow-timevarying disturbance are estimated online by the adaption functions. The fast-time-varying disturbance is dealt with by the variable structure part. Comparative simulation results demonstrate the high precision, strong robustness and little chattering of the proposed controller.
